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Abstract 

It is shown that the usual one and two-node squeezing are based on 
reducible representations of the SU(1,1) group. Generalised squeezing is 
introduced with the use of different SU(1,1) rotations on each irreducible 
sector. Two -mode squeezing entangles the nodes and inforaation theory 
methods are used to study this entangleaent . The entanglement of three modes 
is also studied with the use of the strong subadditivity property of the 
entropy . 

1. Introduction 

In a recent paper (1] we have explained that two-node squeezing is based 
on reducible representations of the SU(1,1). The various irreducible sectors 
have been identified and different SU(1,1) rotations have been performed on 
each of then, generalizing in this way the concept of squeezing. In this 
paper we extend these ideas. In section 2 ve consider one node squeezing and 
prove that it is also based on reducible representations of SU(1,1). The two 
Irreducible sectors are identified and different SU(1,1) rotations are 
applied on each of then, generalising in this way the concept of one-mode 
squeezing. In section 3 the two-mode case is considered in connection with 
both the SU ( 1 , 1 ) and SU(2) groups. Sons of the results presented in [1] are 
briefly reviewed here. Each irreducible sector of the SU(1,1) (or SU(2)) 
group is squeezed Independently and the generalised squeezed state is 
characterised by an infinite number of squeezing parameters. Hamiltonians 
which will lead to this type of squeezing, are presented. 

Two -mode squeezing entangles the two modes. Especially our generalised 
squeezing entangles them in a very complicated way. One approach to study 
this entangleaent is by using information theory methods. In section 4 we 
use the subaddivlty and strong subaddltlvlty properties of the entropy to 
define quantities which express the entanglement of two and three quantum 
systems. Especially interesting are the results for three entangled systems, 
because dhey ipdicate that this case is a non- trivial generalisation of the 
two system entanglement. The latter case has of course been discussed since 
the beginning of quantum mechanics; but it is only recently that some 
preliminary discussion of the former case has appeared (2). Our results 
based on information theory methods suggest that the three system 
entanglement is a vary interesting problem that requires further study. 

2. GtntrtUf d gnt-aodi laviElog 

We consider the harmonic oscillator Hilbert space H and express it as 

H - H + H, (!) 

o 1 

where H is the subspace spanned by the even number eigenstates and H^ the 
subspacS spanned by the odd number eigenstates. Ve also consider the 
corresponding projection operators to these subspacas: 
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w - l I 2N > < 2N I 
N-0 


<r - l | 2N + 1 > < 2N + 1 | 
1 N-0 


( 2 ) 


W ♦ - 1 

O 1 

The on* mod* squeezing operators are defined as: 


-1# x i# 

$ (r, #, A) - exp [- ^ r * k * - r * K J exp (1AK ) 

1 H T * ■ O 

2 2 



[K q , K ± J - ± K ± ; [K . K + ] - 2 K o 


K I 2 - K 2 - - (K K + K K ) - k(k-l) - - — 
0 2 + - - * 16 


(3) 


They fora a reducible representation of SU(1,1). Mora specifically, 
they fora the k - 1/4 Irreducible representation when they act on H only; 
and the k - 3/4 irreducible representation when they act on H. only°(3). 
Related to this is the fact that: 


[S(r, #, X), * o j - [S(r, #, X ) , - 0 (4) 

The following unitary operator squeezes Independently each Irreducible 
sector:-- - ••• - 

U(r o l o ; r^ 1^) - S(* 0 . i Q , X o ) + S(r^, 1^) (5) 

This is aore general than the operator of equ.(3). Only in the special 

case 



the operator (S) reduces to the operator (3). Acting with the operator (5) 
on a coherent state | A >, we get a generalised squeezed statA: 

I A 5 % 'o A o : r l 'l X l > “ U(r o # o A o : r i # 1 V ( A * 

- S(r p , # o , X o ) w Q | A > + S<r r * lt X^ * l | A > (7) 

In the special cast of *qu.(6) this reduces Co che usual squeezed 

states. 
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( 8 ) 


In systems described by the Hamiltonian 

+ + 2*2 +2 * 2 X 
H - w’a a + (m q a + n o a ) * + M 1 * > *1 

ordinary coherent states will evolve into the generalised squeezed states 
(7). In the special case m o " the Hamiltonian (8) reduces to the 
Hamiltonian 

H-waa+M* + M * (*) 

which is associated to the usual squeezed states. 


3. Generalised two -mode squeezing 

The appropriate group for the study of two -mode quadratic Hamiltonians 
is Sp(4,R) (4). In this paper we shall only consider its subgroups SU(l,l) 
and SU(2) in connection with the Hamiltonians: 

H t - aj* + w 2 a 2 * a 2 + m * 2 + M * *1 + *2 + < 10 > 

H 2 ' “l * 1 * *1 * "2 * 2 * *2 * “ *1 * 2 + * »* * 1 * *2 <ll) 

correspondingly. Both of these Hamiltonians have been used extensively in 
quantum optics problems [S]. 

Starting with the SU(1,1) group we express the two-mode Hilbert space as 


"» ' “b - j.. "k 

where H^ is the subspece spanned by the number eigenstates 

- ( | N ♦ k, N > ; N - max (o, - k) • ) 

We also Introduce the corresponding projection operators 
* k “ I|N + k, N><H + k, N | 

I V' 1 " 

The two -mo da SU(1,1) squeezing operators are defined as 

1 ^ if 

S(r , », X) - exp [ - - r e K + - r e K ] exp (i A K ) 

2 2 


K +-* 


1 ‘2 


1 

2 


K - - *1 *2’ K o - : <*r *i + V ‘2 + 


( 12 ) 


(13) 


(14) 


K 


2 


1 


4 




1 

4 


(15) 
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They fora a reducible represencacion of SU(l,i). More specifically, 
when Chey act on the space only, they fora the 

1 ♦ |k| 

l (16) 

' 2 

irreducible representation of SU(1,1) which belongs in the discrete series. 
Note also that 

[S(r, «, A), * k ] - 0 (17) 

The following unitary operator squeezes independently each irreducible 
sector: 

U« V * k . \!) - I S(r fc , t k , A k ) * k (18) 

In the special case 



the operators (18) reduce to the operators (15). 

Acting with the operators (18) on two -node coherent states ve get 
generalised two -node squeezed states: 

U ({r k # k I V a 2 > * £ S(r k- V V 'k I V A 2 > (20) 

In the special case of equ.(19) they reduce to i thi usual two -node 
squeezed states. In systeas described by the Haailtonlan 

" * “1 *1* *1 * “2 *2 + *2 * p'k *1 *2 * V *2 +) *k <21) 

ordinary coherent stataa will evolve into the states of equ. (20) . In the 
special case that all the Mu «qual to each other, the Haailtonlan (21) 
reduces -a* thV~Haailtonlan (10) . 

In the case of the SU(2) group va express the tvo*aode Hilbert space as 

»A - H . - I H 2J.l 

J - 0, k, 1 (22) 

where is the subspaca spanned by the nuaber eigenstates 

H 2J+1 ” l I N, 2J-N> ; N - 0 (2j) ) (23) 

Ue also Introduce the corresponding projection operators 


152 



( 24 ) 


«r ?1+l " l I N - < N ’ 2 J' N I 

^J +i N-0 


E *2j + l “ 1 


The SU(2) squeezing operators are defined as: 

1 i j 1 41 

T (r, 9, A) - exp [--re J + +-re J] exp (iAJ Q ) 


J + - s x + * 2 : J _ " *1 *2 + 1 J o " " ( *l *1 * *2 *2 ) 

1 1 . + 

J 2 - [ - <»!* * * 2 + *2 )] 1 I U 1 ‘l + *2 *2 + 1)1 


(25) 


They font a reducible representation of SU(2) . When they act on the 
space H„, only, they form the j Irreducible representation of $U<2). Note 
also thitT 1 

[T (r, 9, X), * 2j+1 ] - 0 (26) 

The following unitary operator performs SU(2) rotations Independently on each 
irreducible sector: 

U (U 2j+1 , ' 2 J+1' *2j+l ,) " ^ T(r 2J+l' # 2j+l’ A 2J+1 ) *2J+l <2?) 

In the special case: 


r 

I 

A 


1 

1 

1 



(28) 


The operators (27) reduce to the operators (25) . Acting with the 
operators (27) on two-mode coherent states we get the states: 


U »„*!» I V *2 > - 

E 1 <c 2J+l' *21*1' ‘2J-H* *2J+1 I *1’ *2 > 


They will be formed during the time evolution of ordinary coherent 
s cates in systems described by the Hamiltonian: 


H - «1 a t + a x + w 2 * 2 + * 2 


+ % *2J +1 U 2j+1 *1 *2 + + m 2J+1 


* + \ 
*•>) 


(30) 


In the special case that all the iu. . to ** ch oth#r - th * 

Hamiltonian (30) reduces to the Hamiltonian (11). 


The uncertainty properties of the states (20) , (29) have been studied In 
[1]. The results presented there show that both of these states exhibit 
squeezing. 
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In this section vs ass qusntua information thsory methods for chs study 
of two- And thrss-aods corrslstsd systsas. Lst p bs s tvo-aods dsnsity 
matrix and <Nj>, <N_> ths average nuabsr of photons in ths two aodss. As in 
our prsvious work [6] vs dsfins ths information containsd in this dsnsity 
matrix as 

I - $ a4x - S (p) - S[^ 1 th x p 2 th «N 2 »] - S(p) 

S(p) - - Tr fi in fi 

<N > Ni 

p th «N » r-rj- | N > < M | ; i - 1. 2 (31) 

1 1 (1 ♦ <N t » 1+N i 1 1 

Following ths negentropy ids as of Brlllouin vs subtract hsrs ths sntropy of 
ths systsa from ths maximum sntropy that ths systsm could havs had, with ths 
avsrags numbsr of photons in ths two aodss bssn kspt flxsd. Ths maximum 
sntropy is squal to ths sntropy of a thsrmal systsa with an avsrags nuabsr of 
photons in chs two aodss <Nj>, <N 2 >. Taking partial traces, vs dsfins: 


'1 - Ir 2 ' 


'2 - Tr l ' 


and sxprsss ths Information (31) as [7, 8] 

1 " *1 + *2 + *12 

- S (KKf)) - S(p t ) 

J 12 - + S(p 2 ) - S(p) (33) 

I. is chs information In ths mods 1; and I.. Is ths Information in chs 
correlation bstveen chs two modes. Ths subaddltivlty property ensures that 
ths I- « is non-negative. Numerical evaluation of ths quantities I. , I*. I 
for several examples has been presented in [1]. 12 12 

A non- trivial extension of these Ideas occurs In the case of three 
correlated modes. The Information In this case Is given by 

I - S (/**) - S(p) 

P th - /> 1 th (<» l >) x p 2 th «N 2 » x p 3 th «N 3 » (34) 


'lj " Tr k ' 


'l " Tr jk ' 


J i “ S(/, i <<N i >)] * S(p l> 

X 1J “ S< V + S( 'i> * S( ^ij ) 05) 

I. is the information in the mode l. I . Is the Information in the 
correlation’ between the modes (i.J). We 3 then express the total information 
in the three-mode system as: 

I - I. ♦ I, + I. ♦ I., ♦ I„ + 1(12 ; 23) (36) 
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where 


1(12 ; 21) - S(p 12 ) + S(p 23 ) - S(p) - S(p 2 ) (37) 

The strong subadditivity property [9] snsurss that ths quantity 1(12 ; 23) Is 
non-negative. For symmetry rsssons, soaabody might ba taaptad to split 
1(12 ; 23) as: 

1(12 ; 23) - I 13 + A (38) 

so that ha can axprass tha information I of equ.(36), as tha sum of tha thraa 
informations in tha thraa modas; tha thraa informations in tha corralatad 
pairs of modas; and tha quantity A charactarlslng tha corralatlon batvaan 
all modas. Hovavar tha quantity A is not nacassarlly posltlva and its 
lntarp rotation as information would ba incorract. Therefore, tha information 
I of a three -mode systam is tha sum of tha thraa informations in tha thraa 
modas; tha two corralatlon informations in two of tha pairs; and tha 
information 1(12 ; 23) of aqu.(37) which doscribas now typas of corralations 
in tha thraa* mods systams. This rasult can ba usad as a "gut da" of how to 
study tha antanglamant of thraa systams. It is soon that thraa systam 
antanglomant is a non- trivial ganaralisation of two systam antanglamant. 


5. Discussion 

In many casas tha concapt of squaaxing is basad on raduclbla 
representations of tha SU(1,1) (or SU(2)) group. In thasa casas dlffarant 
SU(l.l) (or SU(2)) rotations on aaeh irreducible sactor laad to ganarallsad 
squaazing. Thasa idaas hava baan appliad to both ona - moda and two -moda 
squaaxing. 

Two -mode squaaxing corralatas tha tvo-modas and Information thaory 
methods hava baan usad for tha study of thasa corralations. Tha 
subadditivity and strong subadditivity propartiaa of tha antropy hava baan 
usad for tha study of two and thraa corralatad systama, corraspondingly. It 
has baan shown that tha antanglamant of thraa systams is a non- trivial 
ganaralisation of tha antanglamant of two systams. Furthar work is raqulrad 
in this direction. 
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